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Abstract-Based on the Dynamic version of Donnell type basic equations neglecting bending
deformations before inslability, the parametric instability of truncated conical shells subjected
to periodic axial load is studied under four different boundary conditions. Applying Galerkin's
method, the basic equations are reduced to a system of coupled Mathieu equations, from which
the instability regions are determined by using Hsu's results. As a numerical example, instability
regions for a completely clamped shell are determined for relatively wide range of frequencies.
The effects of static axial load as well as damping force on the instability regions are also
examined.

INTRODUCTION

To clarify the parametric instability of conical shells is of great importance for the design
of aerospace structures. However, only few researches have been made on this subject
under pulsating external pressure. That is, Aulfutov and Razumeev[l] obtained solutions
of approximate nature for shells with small cone angles under the assumption of inexten­
sional vibrations. Later, Kornecki[2] analyzed the problem for simply supported conical
shells by applying Galerkin's method to the Donnell type basic equations and obtained
one-term approximate solutions for only the principal instability regions.

In this paper, the parametric instability of truncated conical shells subjected to periodic
axial load is studied under four sets of boundary conditions. The analysis is based on the
dynamic version of Donnell type basic equations neglecting bending deformations prior
to instability. Applying Galerkin's method with the solution expressed by the product of
coordinate functions and unknown time-dependent ones, the basic equations are reduced
to a system of coupled Mathieu equations for the time-dependent functions. Normalizing
this system, the instability regions are determined by using Hsu's results [3].

As a numerical example, the regions of combination resonance and principal instability
for a completely clamped shell under periodic axial load are determined for relatively wide
range of frequencies. The effects of static axial load as well as viscous damping force on
the instability regions are also investigated.

BASIC EQUATIONS AND BOUNDARY CONDITIONS

We will consider a truncated conical shell with thickness h, slant length I, base circle
radius r and semi-vertex angle ex, subjected to the uniformly distributed edge forces as shown
in Fig. I, with the resultant axial load

P(t) = Po + P t cos wt (I)

where Po and P t cos wt are static and pulsating axial loads, respectively.
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Fig. 1. Coordinates and nomenclatures of the truncated conical shell.

Assuming that the deformation before instability can be represented by a membrane
state of stress and that the in-plane inertia forces can be neglected for low frequencies with
predominent flexural type, the Donnell type basic equation for dynamic instability may
be given by following equations in nondimensional form [2]:

4 I )V1+-w==O 9x '

4 2 I I
L(w) == V w - 122 - fxx + (k co + kCl cos Or) - w xx + KW t + W tt = 0 (3)

x ' x" ,

where

(4)¢ = (J sin CI.
02 I a I 02

V2 =_+__ +__
ox2 x ax x 2 0¢2 '

and subscripts following a comma stand for partial differentiation.
The relations between the incremental membrane forces and the stress function are given

by

I I
ns =-fx+2f</></>,

x x
no =f.xx, (5)

while the relations between the incremental displacements and membrance forces are given
by

U,x = ns - vno, ~ (u + D,</> - w) = no - vns)

~(UA.-D+XDx):2(l+V)nso .x'... .

(6)
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In the foregoing equations, the nondimensional notations are related to the physical
variables as

s
x=­

L'

LF~V2
z= ,

htana

tan a
(u, v) = -h- (U, V),

w
W=-

h

(7)

(8)

In these expressions, D = Eh3/12(I - v2
) is the flexural rigidity of the shell, E, v and Jl are

Young's modulus, Poisson's ratio and mass density, respectively, while C is the viscous
damping coefficient. Z and'}' are a shape factor and a truncation ratio, respectively.

Concerning the boundary conditions for the instability problem, the following four
cases will be considered at x = y and 1.

CI : W = w,x = u = v = 0

C2 : W = w,x = ns = ns8 = 0

v
51 : W = W + - W = U = v = 0,xx X ,x

v
52: W = W xx + - w x = ns = ns8 = 0, x'

In these expressions, C and 5 correspond to the clamped and simply supported cases,
respectively, while numerals 1 and 2 specify the in-plane boundary conditions.

The problem consists in finding the limiting values of n for which the basic equations
have unbounded solutions under the given loading and boundary conditions.

METHOD OF SOLUTION

The solution W of equations (2) and (3) will be assumed as

m

4

wm(x) = L cmjxm+j-I

j=O

(m ~ 1,2, 00 oj}
(9)

where N (=integer) is the number of circumferential waves, gm(r) is the unknown time­
dependent function and cm/j = 0 ~ 4) are constants chosen so that Wmsatisfies the boundary
conditions for w, i.e., 5 or C, by taking CmO as unity.t

Substituting equation (9) into equation (2) and considering equations (5) and (6), the
stress function f can be determined so as to satisfy the remaining in-plane boundary condi­
tions in equations (8). With these expressions for wand/, we apply Galerkin's method to

t The same coordinate function w",(x) has been used by the author for the analyses of static buckling [4]
and free transverse vibration[51 of conical shells.
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equation (3), that is

" 1 4f f L(w) L C"k X"+k cos Ne dx de = 0 (n = 1,2, ...) (10)
o y k=O

which finally leads to the following system of coupled Matheiu equations in gm(r).

L {Rm"gm,H + KRm"gm,t + [Sm" + (keo + ket cos fh)Tm"]gm} = O. (11)
m

(m,n=I,2, ...)

In these equations, Rm", Sm" and Tm" are coefficients dependent on v, Z, y, N and the bound­
ary conditions, the actual expressions of which are not given here to save the space. It is to
be noted that these coefficients are all symmetric with respect to their subscripts m and n,
that is, Rm" = R"m etc.

Equations (11) represent those for static buckling[4] and free transverse vibration[5] of
conical shells as special cases.

In order to apply Hsu's results, the natural frequencies Dip = 1,2, ...) and the corres­
ponding modes Gp of free transverse vibration of the conical shell under static axial load
are determined by putting K = k ct = 0 in equation (I I). Normalizing equation (11) with
these results, we have

Gp,H + n/Gp = ket cos nr L ApqGq - K L gpqGq,t
q q

(12)

(p,q=I,2, ...)

where Apq and gpi>O) are coefficients symmetrical in p and q, respectively.
Approximate solutions for the parametric instability of these equations have been ob­

tained by Hsu[3]. According to his results, we have the stability boundaries for the combin­
ation resonance associated with ith and jth modes of vibration as .

n.. = n. + n. + gii + gjj (E;/ - K2giigjj)1.2j (13)
IJ I J- 2 gidjj

where
Eij = k et Ai)2(ni nY/2 (14)

No combination resonance will occur in the vicinity of Ini - nj I, as Apq - Aqp . The so­
called principal instability regions are obtained from equation (13) by putting i = j. Equa­
tion (13) is applicable to the case of small damping with E,/ ~ K2gii gjj' For the case when
damping is absent, equation (13) is reduced to

nij = ni + nj ± Eij (IS)

When the values for v, Z, y, K, k eo , ket and the boundary conditions are given, all the
instability regions (first approximation) can be determined for prescribed range offrequency
w by repeating the foregoing procedure, varying the wave number N successively.

t According to Bolotin's first approximation[6I, the principal instability regions for equations (12) are
given by

[ ]

1/2

0.1) = 20., 1± ~, (E,? - K2g,,2)'/2

which will be seen to be practically the same as those given in the foregoing, for small amplitudes of exciting
forces.
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NUMERICAL EXAMPLE

As a numerical example, the instability regions are determined for a completely clamped
(C1) conical shell with the following data:

ex = 20°, Yo = 2·13 in, Y = 4·87 in, h = 0·02 in

E = 3 X 107 psi, Jl = 0·776 X 10- 3 Ib sec2jin4 Z = 1860, Y = 0-438.

The lowest three natural frequencies for various values of N are calculated, taking eight
terms of unknown time-dependent function Um into consideration. The results are given
in Fig. 2. The same results have been obtained in[5] and ascertained to be in good agree­
ment with the experimental results obtained by Seide[7]. The lowest natural frequency
occurs at N = 6 with n = 1087, i.e. wj2n = 1·017 (KHJ. The static critical axial load is
given by kc = 1291, i.e. P = 4020 (lb) with N = 9 [4].
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Fig. 2. Natural frequencies for perfectly clamped case.

Instabilibity regions

Varying the amplitude of periodic axial load up to 10 per cent of the aforementioned
buckling load, the boundaries of the instability regions with no damping and no static
axial load are determined for the frequency range covering four times the lowest natural
frequency. The results are illustrated in Fig. 3. In this figure, the instability regions are
shown by shaded areas. Upper numerals in parentheses indicate wave number Nand
lower ones two modes of free vibration excited in the combination resonance. The cases
with the same lower numerals correspond to the regions of principal instability. It will
be seen that the regions of principal instability are much wider than those of combination
resonance.
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Fig. 3. Instability regions of only periodical axial load. (Po = 0, C = 0).

Effects of static axial load

Choosing the static axial load as 5 and 10 per cent of the static buckling load and setting
damping equal to zero, the instability regions in the neighborhood of 0 = 201, and 0- =
0 1 + O2 with N = 9, are determined, with the results as given in Fig. 4. It will be observed
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Fig. 4. Effects of static axial compression on instability regions (c = 0).
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that as the static compressive force is increased, the instability regions shift almost parallel
towards the lower frequency regions.

Effects of damping

Setting static axial load equal to zero, the instability regions with viscous damping
are determined in the neighborhood of 0 = 201, and 0 = 0 1 + O2 with N = 9. The
results are shown in Fig. 5. It will be seen that the presence of damping reduces the insta­
bility regions such that for small periodic axial load, the parametric instability is not possible.
It is to be noted that the effect of damping is more pronounced for the cases of combination
resonance.
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Fig. 5. Effects of viscous damping on instability regions (Po = 0).

CONCLUSION

Approximate solutions are obtained for the parametric instability of truncated conical
shells subjected to periodic axial load, under four different boundary conditions. Numerical
results are given for a completely clamped shelL Main results obtained are summarized as
follows:

(1) The relative openness of the regions of combination resonance is much narrower
than that of the regions of principal instability.

(2) The instability regions are moved toward the lower frequencies as a whole owing to
the static axial compressive force.

(3) The presence of damping reduces the instability regions.
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A6cTPaKT Ha OCHOBe ,lJ;IIHaMII'IeCKOrO BapllaHTa OCHOBHbIX ypaBHeHHH THIIa )].oHHeJlJla,
IIpeHe6peralO~Hx Ae4>opMallHIl H3fH6a AO MOMeHTa IIOTepll YCTOH'IIIBOCTH, HCCJle,lJ;yeTcli
IIapaMeTpH'leCKali HeycToH'IHBOCTb yce'leHHbIX KOHH'IeCKHX o60JlO'leK, aarpYlKeHHbIX IIepHO,lJ;H­
'1eCKOH oce6oH Harpy3KoH, ,lJ;Jlll '1eTbIpex pa3HbIX rpaHH'IH.bIX YCJlOBHit TIpHMeHlIlI MeTOp;
ranepKIIHa, CBOAllTCli OCHOBHble ypaBHeHlIlI K CIlCTeMe COIIplIlKeHHbIX ypaBHeHHH MaThe, 113
KOTOphlX onpep;eJIlIlOTCH paHOHhI HeyCTOH'IIIBOCTII, HCnOJlh3yH pe3YJIbTaTbl Cy. B Ka'lecTBe
npllMepa OIIpep;emIIOTCH paHOH.bI HeycToH'IIIBOCTH IIOJIHO 3ameMJIeHHOH 060JIO'lKH, P;JIH
llIHpOKoro Kpyra 'laCTOT. 06CYlK,!I.aIOTClI, TaKlKe, 34><l>eKTbJ KaK CTaTH'IeCKOH oce60H H.arpy3KH
TaK H p;eMH4>lIpYIO~eH CIIJlbI, H.a paHOHbl HeYCToH'IIIBOCTII.


